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Abstract-We present an elementary proof of the well-known theorem of E&nor& and Fkdkerson 
that a matroid is a matching matroid if and only if it is transversal. 
Suppose G = (V, E) is a simple graph. It is well-known that match(G), the collection of all 
X C V which are covered by some matching in G, is the system of independent sets of a matroid 
which (following Welsh [l]) we again denote by match(G). For A c V, let match(G, A) denote 
the restriction of match(G) to A. A matroid M is called a matching matroid if there exist 
G and A as above such that M = match(G,A). A matroid M is called transversal if there 
exist a bipartite graph H and a subset A of one color class of H such that M = match(H,A). 
Edmonds and Fulkerson, who studied matching problems because of their rich applications in 
Combinatorial Optimization (see, e.g., [2]), introduced matching matroids in 1965 (cf. [3]) and 
proved the following striking fact: 
THEOREM 1. A matroid is a matching matroid if and only if it is transversal. 
In most textbooks on matroid theory, Theorem 1 is mentioned without proof since the original 
argument given by Edmonds and Fulkerson depends heavily on the Edmonds Matching Algo- 
rithm. The purpose of this note is to present a short proof of Theorem 1 which does not use any 
deep fact from matching theory. 
Since transversal matroids are special matching matroids by definition and since both classes 
of matroids are closed under restriction, Theorem 1 clearly follows from 
THEOREM 2. If G = (V, E) is a simple graph, then there exists some bipartite graph H such 
that V is one color class of H and match(G) = match(H, V). 
PROOF. Suppose indirectly that G is a counterexample with a minimal number of vertices. It is 
clear that IV/1 > 2 and that G is connected. We distinguish two cases: 
CASE (1). Th ere exists some x E V such that the matching number u decreases when x is 
deleted, i.e., 
v(G - z) < v(G), for some 2 E V. 
Choose a bipartite graph H’ with color classes V - {x} and U such that match(G - x) = 
match(H’,V - {z}) and enlarge H’ to obtain a bipartite graph H satisfying match(G) = 
match(H, V) as follows: add the vertex z to V - {x} and two new vertices xl and x” to U. 
Join x to x” and xl to all neighbors of x in G. 
(a) match(G) C match(H, V) 
In fact, if X c V is covered by some matching M in G and x 4 X, then X is already covered by 
some matching in H’ c H. If x E X, then M contains some edge xy from E. Choose a matching 
M’ in H’ which covers X - {x, y} and enlarge it by the edges zx” and x’y (if necessary). Hence 
X is covered by some matching in H. 
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(b) match(H, V) c match(G) 
We remark at first that v(H) = v(H’) + 2: S’ mce the matching number of any graph decreases 
by at most one if a vertex is deleted and since H - x’ - x” is H’ plus the isolated vertex x, 
the inequality v(H) 5 v(H’) + 2 holds. Now choose a maximum matching M in G. born 
v(G - x) = v(G) - 1, we infer that M contains some edge xy E E and that M - {xy} is a 
maximum matching in G - x. By the definition of H’, there exists a matching M’ of cardinality 
v(H’) = 2v(G - x) which covers the same points in V as M - {xy). Enlarge M’ by the edges 
xx” and x’y to obtain a matching of cardinality v(H’) + 2 in H. 
Suppose now that X is the set of all vertices in V which are covered by some maximum 
matching M of H. Since v(H) drops by 2 if 2’ and x are deleted, M contains the edge xx” and 
some edge x’y. By hypothesis, there exists a matching M’ in G - x covering the same points 
in V as M - {xx”, xy}, i.e., the set X - {x, y}. Then X is covered by M’ U (xy). 
CASE (2). For all x E V, v(G - x) = v(G). 
We show that match(G) = {X C V : X # V} or, equivalently in this case, that v(G) = 
(IV1 - 1)/2. Note that this fact completes the proof since we can choose H as Kv,~, the complete 
bipartite graph with color classes U and V, IUI = IVl- 1. H ence suppose that v(G) < (IV]- 1)/2. 
We may assume w.1.o.g. that v(G U e) > v(G) f or each edge e $! E. (Otherwise, we add edges 
to G as long as v does not increase). Clearly, G is not complete, hence there exist vertices U, v 
and w in V such that uv E E,vw E E, but uw 4 E. (Otherwise, adjacency is an equivalence 
relation on V which implies, in view of the connectedness of G, that G is complete). Since 
v(G U uw) > v(G), there exists a maximum matching M in G which misses both, u and w. 
Denote by B, the set of all vertices covered by M. By the maximality of M, v E B. Next, as 
Y(G--21) = v(G), we can choose a maximum matching M’ of G such that B’, the set of all vertices 
covered by M’, does not contain v. By the basis axioms for matroids, there exists x E B’ - B 
such that B” := (B - {v}) U { ) x is a basis of match(G). But then one of the edges ut~ and VW 
has both its endpoints in V - B”, which obviously contradicts the maximality of B”. 
The proof is complete. I 
REMARK. The statement proved in Case (2) above is due to Gallai (cf. [4]). For a purely graph 
theoretic proof, see [5, Problem 7.261. 
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